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LETTER TO THE EDITOR

The deduction of the Lax representation for constrained flows
from the adjoint representation

Yunbo Zeng and Yishen Li

Department of Mathematics, University of Science and Technology of China, Hefei 230026,
People’s Republic of China

Received 20 November 1992

Abstract. For x- and {,-finite-dimensional Hamiltonian systems obtained from the
decompositions of zero-curvature equations, it is shown that their Lax representations can
be deduced directly from the adjoint representations of the auxiliary linear problems. As
a consequence, the zero-curvature representation for soliton hierarchy with source is
presented.

It is well known that the Lax representation has played an important role in our
understanding of complete integrability in classical mechanics and soliton theory [1-2].
Recently, systematic methods were developed to decompose each equation in a
hierarchy of soliton equations imto two commuting x- and ¢,-integrable finite-
dimensional Hamiltonian systems (Fpus) (see, for example, [3-9]). An important
problem is to find the Lax representation for all these x- and t,-FDHSs. By using the
Gel’fand-Dikii approach, the Lax representation for x-constrained flows of Gel’fand-
Dikii hierarchies was constructed in [9]. In this letter, within the framework of the
zero-curvature representation theory, we will show that there is a natural way to reduce
the adjoint representation of auxiliary linear problems to the Lax representation for
all x- and ¢,-FDHSs. As a consequence, the zero-curvature representation for the system
consisting of the evolutions of eigenfunctions and zero-curvature equation with source
is presented. This method can be applied to all hierarchies of zero-curvature equations
as can be seen below. This indicates that all constrained flows of zero-curvature
equations admit Lax representation.

As a model example, we consider the Jaulent-Miodek (im) spectral problem [10]
which can be written as

RV I S e
G’x—M(”"\)q”[_,\erqH, 0]40 40—[% u=\_|- (1)
The adjoint representation [2, 11] of (1) reads

Ve=[M, V=MV - VM (2)
set

& a b
=¥ VA" v, =™ "™
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Equation (2) yields [11]

ﬂ0=al=az=bu=b1=0 b1=_1,b3=_‘%q Co=1 Cl="%q
bm+2] [bm+l]
=L = 4
[bm'i"l bm " 1, 2, ( a)
ap, =_%bm,x cm=am,x—bm+2+qu+l+rbm (4b)
L___[q"-:.l’D—qu r—%D-irx _%Dz] D=_a_ D—1D=DD-1 =1.
1 ¢ ax
Take [11]
N®(uA)= T VA" "+A,
nme=(
0 0
pon-| ] 5
(3) Abyyt busa—gbeyy 0 )

and Jet

¢rn=N("‘(u,f\)¢=( z Vm/\""'”+An) @ (6)
m=0
Then the compatibility condition of (1) and (§) gives rise to the zero-curvature equation
[1,2]

M, - N +[M, N™]=0. (7
In fact, we have

M, ~N{"+[M, N™]

B [ 0 0] ®)
"-(q:,, - 2bn+l,x) + f, — 2bn+2,x + bn+|.q:t + 2qbn+l,x 0

which leads to the sn hierarchy [10, 11]

_ q _ bn+2 _7 8Hrz+]
ol o]

(9)
0 2D 1
J—]:2D —q,h2qD:| Hy=-q H"—n—l (2bp+2— gbpsr)-
Furthermore, it is known [2, 7] that V' determined by (2} also satisfies
V;,"z.[N(ﬂ), V] n=1,2,.,, (10)

which is the adjoint representation of (6) and intimately connected with the fact that
all flows (9) are commuting and integrable.
For N distinct A,, consider the system following from (1)

Yy | _ P | _ 0 U &, .
[‘pﬂ]x-M(u’Aj)[%j}_["Ajz'i'qt\j-l-r 0][;};2;] j=t,...,N. (11)
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A direct calculation gives

3 1[A 4 ] [A-wf-} [A-ef/%-]
2| MYy A B S RN (12)
au 2 :12,; llbil ’ lﬁi
It was pointed out in [4-7] that the following equation
tSI{.‘C#—I _i
ou le Su =0 (13)

determines a finite-dimensional invariant set for the flows (9). This property ensures
that (9), (11} and (13) are consistent. Equation (13) together with (12) yields

6Hk+l=|:bk+2] =_l|:<A\F19\I’1>] (14)
Su Bicar 20 (9,0 I
Hereafter ¥, = (1, ..., ¥in) ", A=diag(A,,..., Ax) and (-, -} denotes inner product

in R™, As proposed in [6, 7], we consider a system consisting of (11) and (14) for any
fixed k:

\1‘1_-,;:‘1’2 W2x=_A2W1+qAW1+rw1 (lSa)
8Hy 1 [bk+2:, 1 [(A‘P,, \15)}
_— = = —— . (lsb
su L) 2l () )
Obviously, (154, b) is a Euler-Lagrange system
5L 8L 8L
—_—= =0 —=0
3\1’2 0 6qr! Su

£=H, ., —{¥,, 11’2)‘(—/\2'l1"1 » qx,)-;-%q(my, ’ q"n)"‘%r(‘pl, W)+ (W, Vo)

Thus, for even k, by introducing so-called Jacobi-Ostrogradsky coordinates [12],
(15a, b) can be transformed to a canonical rFpus. Also for the system {ollowing from
(6) and {9)

‘r”lj:| — plm .[‘l'u] . N
[%j i N (u, &) oy i=1,..., (16a)

q _ bn+2
.- 16

under (154, b} and the Jacobi-Ostrogradsky coordinates, (164, b) can be transformed
to a canonical FDHS with 1, as independent variable (see examples at the end of the
letter). These two FDHSs are commuting and integrable, and called x-part and f,-part
of the decompogition of (9), respectively. As we emphasized in [6, 7], this decomposition
provides a method of separation of variables for solving equation (9}.

From (4a), (12) and (14), one finds

B =—HA™ T T, T m=k (17a)
which together with (4b) and (15a) leads to

Bma1 = HAT Y, W) Comt = AT, T m=k (17b)
Equation {17) results in the following kind of formulae:

Ak E bpidA™" = —% % ,io,gi ('\) o= -12- g X (18)
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Hence, notice (5), A*V under (15) can be written as

UR = v = N"® 4 N, (19a)
_lg 1 I:'!’u'!’z; —i!’?,]
N, =
2- - ‘fl:j "'%;li’zj
0 0
+ . 196
[%mr.,w,>+é<Aw,,w,>—%q<wl,w,> o] (196)

Then it follows from (2) that U*? also satisfies
UP =M, UM].

Conversely, we have:

Proposition 1. By substituting U™, the adjoint representation (2} reduces to the Lax
representation for (15):

U =M, U™ (20)
with the Lax pair defined by
= Mo UMp = up. (21)

Proof. Taking M, =0, equation (8) for n =k implies that
0 0

Nik]_ M’ N(k) =[ :|.
[ J 2hiir A+ 2Dpaa x— Quebray —2gbka1x 0

Then by a direct calculation of (N, , —[ M, Ny]), it can be verified that (20} gives rise
to (15).
As a consequence, notice (8), we immediately obtain:

Proposition 2. The system

=¥, Uy, = —A"W,+ gAY, + r¥, (22a)
b AV, ¥
w=7 [bkz] *2 ’[<<11n£, \1'5)] (220)
admits a zero-curvature representation
M, -UP+IM UR]=0 (23)
with the auxiliary linear problems given by
@x=Mp ¢, = UM (24)

It is obvious that (15} is just the stationary equation of {22) (u, =0). Similarly, it
can be shown that:

Proposition 3. By using U} and the expression of N under (15), the adjoint
representation {10) reduces to the Lax representation for {16} under (15):

Ul =IN®, U] (25)
with

¢, = NTo UM =pe. (26)

Finally it is easy to see that tr{ U®)? is the generating function of the integrals of
motion for (15) and (16).
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To illusirate the above propositions, we present some examples below,
(i) When k=2, (14) reads
g={¥,, ¥ r=(A‘F,,‘Pl)—E(‘P,,‘I’1)2 (27}

and (15) becomes

aH, aH,
¥, =— ¥, =—-— 2.
=3y, ==y, (28)

I;To=%(\I!2, ‘Fz)"'%(/\z‘pl > q’l)‘%(‘y: , IAY, Wl)'{'.s]:"(‘l'l ’ ‘I‘rlf
the Lax representation for (28) is given by (20) with

M_{ 0 1}
"/\2"'(‘1'1: ‘PIM +(AIP1 » wl)‘%(wu 11’1>2 0

0 1 (29)
U= [ﬁ—(«p. JUOA— (AT, U+, B 0 ] Mo
the case for n =2 is trivial, for n =3, {16) under (27) and (28) becomes
Hy = ={A W) =100, W+ HW,, W =28, ¥ W, ) (30)
FHE, UXAME,, T — KT, TOHAY,, T +HHAT,, T |
the Lax representation for (30) is (25) with U® given by (29) and
NG = [%(‘Pn S —A=XPy, ‘1’1)]
Ay —H{ ¥, V)
A= 20—KT TN+ (KL, T — (AT, T+, o)
~HARY WS, AT, )
(ii) When k=4, (14) gives
AR
Su b; 2L (¥, ) (31)
Hs=—15¢ — 164" ~5349x ~34r" ~§G!
by introducing the Jacobi-Ostrogradsky coordinates
Q=[¢u,..., v, @1, &) P=[,. ., tan, P p2]” 32)
$=4q =7 Pr= —15q9: 51 P2= %
(15) can be written as
Ho= XA, W)~ 3 AW, W00 = S8, W)+ K5, W) (33)

—8p, P2+ 1Ras + 1601492+ 10g: p3+34,45.
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The Lax representation for (32) is given by (20) with

0 1
M=
[—/\2+¢11f\+CI2 0]

U= [-2pzA ~2p,+2q,p, —AT—igiA —%q?—%qz] NG 4
A, 2pA+2p —2q,p;

A= ’\d”%‘hfﬁ "%(442'*' qzl))l2+41.(‘?i +2¢1g.—KY,, ¥ ))A
"&Q?+4P§+7:qg_(ﬁ1;'1: Yo+ ql¥,, ¥)
for n =3, (16) under (32) and (33) can be transformed to

3, 3H,
Q= PTTh

ﬁ3 =~ XA, U~ HAY,, W)+ ¥, W, + A%, ¥ +H{gi+2g)AY,, ¥
=2pA ¥, W) ~3qi (¥, V) _ILG(SQ? 8@ XY, V)
~803 2P0, + 3154 — 9105 + 35419 H 4P~ 8@ i 2303 3.

The Lax representation for (35) is (25) with U‘® given by (34) and

N‘3)=[ —2p; —A—%q.]_
Mg A - gl 2@ +igi+ qiga— (¥, ) 2p;

‘)(35)
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